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LECTURE 11

Boundary conditions and wall treatment
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Questions to be answered in the present lecture

How can RANS models be applied to wall-bounded flows?

I the wall-function approach

I specific model modifications for the wall region

I elliptic relaxation models for the pressure-strain correlation
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Physical effects in turbulent wall-bounded flow

Main features of the near-wall region:

1. (locally) low Reynolds number ReL ≡ k2/(εν)

2. high shear-rate Sk/ε

3. tendency towards two-component turbulence

4. wall-blocking effect on the pressure field

Consequences for modeling:

 basic RANS models are not applicable

⇒ most models need special ajustment

4 / 30



k-ε modifications
Wall functions

RSM modifications

Basic approaches for modeling near-wall flow

Wall-function approach

I bridging the viscous wall region with analytical functions

Specific models for the wall region

I various modifications applied to the original formulations

Elliptic relaxation models

I non-local model for pressure-strain correlation
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Turbulent viscosity
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Damping turbulent viscosity in k-ε models

Accounting for erroneous near-wall behavior

I overprediction with original expression: νT = Cµ
k2

ε

I damped turbulent viscosity formulas:

νT = fµCµ
k2

ε
(0 ≤ fµ(y) ≤ 1)

I e.g. Rodi & Mansour (1993) propose data fit:

fµ = 1− exp
(−0.0002 y + − 0.00065 y +2

)
I Durbin (1991) considers wall-normal stress responsible:

(v ′ reduced near wall w.r.t. u′,w ′ – cf. lecture 6)

→ νT = C ′µ 〈v ′v ′〉
k

ε
with: C ′µ = 0.22
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Turbulent viscosity in plane channel flow
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I modifications based on damping function fµ lack generality

 they fail in BL with pressure gradient; numerically stiff

I Durbin’s 〈v ′v ′〉-expression for νT more physical

 Reynolds dependence of νT : C ′µ should be fct. of Reynolds
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Near-wall modifications to the dissipation rate

The dissipation rate equation

I the standard model uses completely artificial equation

I not directly applicable to near-wall region

I instead:

D̄ε̂

D̄t
=

((
ν +

νT

σε

)
ε̂,j

)
,j

+ f1Cε1P
ε̂

k
− f2Cε2

ε̂2

k
+E

I with: ε̂ = ε̃− ν∂yy k)y=0 → such that ε̂(y = 0) = 0

I modifications through functions f1, f2, E

I various proposals exist (e.g. Jones & Launder, 1972;
Launder & Sharma, 1974; Lam & Bremhorst 1981)
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Performance of various modified k-ε models

Flat-plate BL flow

 large discrepancies

 also: poor
performance in
adverse pressure
gradient

(Patel et al. 1985)

⇒ most near-wall k-ε models are not reliable!

9 / 30



k-ε modifications
Wall functions

RSM modifications

Turbulent viscosity
The dissipation rate equation
Alternative models

Alternative two equation models for wall-bounded flow

Wilcox’ 1993 k-ω model (cf. lecture 9)

D̄k

D̄t
=

((
ν +

νT

σk

)
k,j

)
,j

+ P − Cµkω

D̄ω

D̄t
=

((
ν +

νT

σω

)
ω,j

)
,j

+ P Cω1ω

k
− Cω2ω

2

with: νT = k/ω, and model parameters: σω,Cω1 ,Cω2

I no wall-damping necessary

 but: high sensitivity to freestream boundary conditions

 use of the original model problematic in general flows!
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Menter’s 1994 SST model

1. Blending the ω and ε equations

I ω equation derived from ε̃: cross-diffusion term Sω = k,jω,j/ω

I SST model: use Sω (1− F1) instead (0 ≤ F1(y) ≤ 1)

⇒ k-ω model near wall (F1 → 1), k-ε in outer region (F1 → 0)

2. Limiting the value of turbulent viscosity in BL

I k-ω overpredicts shear stress in adverse pressure gradient

I limiter in SST model: νT = min

(
k
ω ,

√
Cµ k

2|Ω̄|
1
F2

)
⇒ assures that |〈u′v ′〉|/k smaller than

√
Cµ = 0.3

I F2 → 0 outside BL (Ω is mean rate-of-rotation)
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Performance of the SST model

Flat-plate BL with adverse pressure gradient

I adverse pressure gradient:

β ≡ δ∗
τw

dp

dx
= 8.7

I SST model yields improved
predictions

I works also reasonably well
in separated flows
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Fig. 1 Defect layer velocity profiles for self-similar adverse pressure 
gradient flow (/3, == 8.7) 

Self-Similar Boundary-Layer Flow. Self-similar bound
ary-layer solutions serve as a good first indication of how well 
a model will perform in more complex adverse pressure gradient 
flows. The equations for self-similar boundary-layer flows are 
given by Wilcox (1993). The resulting ordinary differential 
equations are solved with a ID code. Figure 1 shows results 
for the self similar adverse pressure gradient flow of Clauser 
(Kline e t a l , 1981). 

The k-t model and the RNG model both overpredict the wall-
shear stress significantly (40-50 percent) whereas the SA and 
the SST model give very accurate results for Cf. The SA model 
predicts a somewhat fuller velocity profile than the SST model. 
It is interesting to note that the RNG model and the fe-e model 
predict very similar velocity profiles. Note that the self-similar 
equations do not involve the transformation of the RNG model 
to a k-u) formulation and that the equations are solved with 
wall-function boundary conditions. However, a second compu
tation was performed with the RNG model in its fc-w formulation 
and the results were the same. 

Adverse Pressure Gradient Flow With Separation. The 
next flow is an adverse pressure gradient flow, developing in 
the axial direction of a circular cylinder (axisymmetric) 
(Driver, 1991). The pressure gradient is imposed on the cylin
der by diverging wind-tunnel walls. Computations were run 
with the INS2D code on a 90 X 90 and a 120 X 120 grid 
without changes in the plotted solution. Figures 2 and 3 show 
the wall pressure, c,,, and wall skin friction, C/, distributions, 
respectively. The suffix 2-L in the labels of the plots refers to 
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the fact that the models are solved in a two-layer approach, 
with the k-u) model used in the sublayer. Figure 4 shows the 
corresponding velocity profiles. 

As for the self-similar case, the RNG and the standard k-t 
model do not predict enough retardation. Note that the RNG 
model gives improved results compared to the standard fc-e 
model, due to the fact that in nonequilibrium flows the 77-depen-
dency of the coefficient Cd somewhat reduces the eddy-viscos
ity. However, the effect is not sufficient to cause separation and 
to reproduce the experimental data. Again, the SA model pre
dicts significantly better results than the /c-e and the RNG model, 
but gives slightly fuller velocity profiles than the experiments. 
The SST model is in very good agreement with the data as 
already reported in Menter (1994b). 

Figure 5 shows the turbulent shear-stresses profiles corre
sponding to the velocity profiles shown in Fig. 4. For separated 
flows, it is of great importance to predict the shear-stresses 
ahead of separation correctly. Note that the amount of separation 
that is predicted by the different models does correlate with 
their ability to predict the shear-stress at the first profile shown 
in Fig. 5. 

Backward Facing Step Flow. The backward facing step 
flow is one of the most widely used cases to evaluate the perfor
mance of turbulence models. In the present study, the flow as 
reported Driver and Seegmiller (1985) is computed. The grid 
consists of 120 X 120 grid points and grid independence has 
been confirmed on a 240 X 240 grid. The computations have 
been performed with the INS2D code. Figure 6 shows the com
puted wall shear stress distributions for the different models 
compared to the experiment. Good results have been reported 

i(«p) 

Fig. 4 Velocity profiles for Driver's case CSO at x / 0 = -0.091, 0.363, 
1.088,1.633,2.177 
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The modified k-ω model of Wilcox (2006)

New k-ω model

I contains a limiter function in νT

→ avoids overpredicting shear stress in APG

I uses a localized cross-diffusion term

→ reduces free-stream sensitivity of the original model

⇒ formulation is similar to SST model

 no direct comparison of k-ω versus SST models available in
literature
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The wall function approach

Two-fold problem of computations in near-wall region

I modeling complexities

I high computational effort due to steep gradients

Possible trick

I if flow is approximately parallel to surface:
→ skip near-wall region
→ compute only from log-region outwards

⇒ apply boundary conditions in log-region
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Deriving wall-functions for the k-ε model

Conditions for equilibrium boundary layer

I suppose y = yp located in the log-region

I log-law for mean streamwise velocity:
〈u〉 = uτ

(
1
κ log(

ypuτ
ν ) + B

)
I approximate log-layer relations:
P = ε̃, −〈u′v ′〉 = u2

τ

⇒ ε̃ = u3
τ

κyp
, k = u2

τ√
Cµ

Note for Reynolds stress models

I the stresses are approximately constant:

∂y 〈u′iu′j〉 = 0

y

x

yp

log−region

solution domain
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Wall functions – practical implementation (example)

Given current values: 〈u〉p = 〈u〉(yp), kp = k(yp)

1. compute friction velocity: u∗τ = C
1/4
µ k

1/2
p

2. compute nominal velocity: 〈u〉∗ = u∗τ

(
1
κ log(

ypu∗τ
ν ) + B

)
3. compute shear stress: −〈u′v ′〉∗ = u∗2τ

〈u〉p
〈u〉∗

4. apply shear stress as boundary flux on streamwise momentum

→ this provides robust condition

5. apply zero-gradient condition on k

6. impose: ε̃∗ = u∗3
τ
κyp

16 / 30



k-ε modifications
Wall functions

RSM modifications

Results obtained with RSM and wall functions

δθ

momentum thickness
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Fig. 5.6: Profils transversaux de la tension longitudinale selon le modèle utilisé: a) résultats des
calculs avec différentes fermetures au second ordre, b) modèles de fermeture au premier ordre.
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Fig. 5.7: Profils transveraux de la tension normale selon le modèle utilisé: a) résultats des calculs
avec différentes fermetures au second ordre, b) modèles de fermeture au premier ordre.
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Zero-pressure-gradient boundary layer at Reθ = 7600

I wall-function computations yield predictions in agreement
with measurements (here: exp. of Klebanoff 1954)

17 / 30



k-ε modifications
Wall functions

RSM modifications

Extending the wall function approach

Various additional effects can be incorporated:

I roughness: variation of intercept constant B in log-law

I if boundary point is located below the logarithmic layer:

→ approximate expression for viscous sublayer (Durbin 2001)

I incorporating effect of pressure gradients (Shih et al. 1999)

I surface heat transfer effects (Nichols & Nelson 2004)

I . . .
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Problems with the wall function approach

Complex wall-bounded flows: no log-layer exists!

I separated flows

I impinging jets

I transitional boundary layers

 wall-functions physically unrealistic!
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Anisotropy of dissipation
Near-wall pressure correlations

Reynolds stress models: Anisotropy of dissipation

Observations (cf. lecture 10)

I high Reynolds number and
far from solid boundaries:

→ approximate isotropy

εij ≈ 2
3 ε̃ δij

I near the wall:

→ significant anisotropy

CHAPTER 7: WALL FLOWS

Turbulent Flows
Stephen B. Pope

Cambridge University Press, 2000

c©Stephen B. Pope 2000
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Figure 7.39: Normalized dissipation components in a turbulent bound-

ary layer at Reθ = 1, 410: from the DNS data of Spalart (1988)

for which δ = 650δν.

35

(DNS Spalart 1988, Reθ = 1410)
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Anisotropy of dissipation
Near-wall pressure correlations

Models for near-wall anisotropy of dissipation

I asymptotically for y → 0:

εij/ε = 〈u′i u
′
j 〉/k i 6= 2, j 6= 2

εi2/ε = 2〈u′i u
′
j 〉/k i 6= 2

ε22/ε = 4〈u′i u
′
j 〉/k

I Rotta (1951) model:

εij/ε = 〈u′iu′j〉/k

I Lai & So (1990) model:

blending with isotropic
expression for outer flow

εij = ε∗ij fs + (1− fs) 2
3δijε

 blending too rapid

CHAPTER 11: REYNOLDS-STRESS AND RELATED MODELS

Turbulent Flows
Stephen B. Pope

Cambridge University Press, 2000

c©Stephen B. Pope 2000
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Figure 11.18: Normalized dissipation components in a turbulent bound-

ary layer at Reθ = 1, 410: symbols, DNS data of Spalart (1988);

dashed lines, Rotta’s model, Eq. (11.167); solid lines, Eq. (11.169).

18

◦ DNS data Spalart (1988)

—— Rotta’s model

– – – – Lai & So model

⇒ more elaborate models exist
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Anisotropy of dissipation
Near-wall pressure correlations

Wall-effects on the pressure field

Poisson equation for fluctuating pressure

∇2p′ = Sp with: Sp ≡ −2ρ〈ui 〉,j u′j ,i − ρ
(

u′iu
′
j − 〈u′iu′j〉

)
,ij

I decomposition: p′ = p(h) + p(p)

I homogeneous pressure p(h): ∇2p(h) = 0

I particular pressure p(p): ∇2p(p) = Sp

I p(h) = 0 in unbounded flow

Effects in wall-bounded flow:

1. p(h) 6= 0

2. p(p) modified due to wall reflection
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Anisotropy of dissipation
Near-wall pressure correlations

Wall-effects on the pressure field (2)

Effect of non-zero homogeneous pressure p(h)

I boundary condition at a wall: ∂y p′/ρ = ν∂yy v ′

I DNS shows: small effect, negligible for y + ≥ 15

⇒ p(h) contribution to pressure-strain correlation neglected in
RANS models
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Anisotropy of dissipation
Near-wall pressure correlations

Wall-effects on the pressure field (3)

Modification of particular pressure p(p)

I appropriate boundary condition at wall: ∂y p(p) = 0

⇒ p(p)(x) = − 1
4π

∫ ∞
−∞

∫ ∞
−∞

∫ ∞
−∞

Sp(x′) 1
|x−x′|dx′

where source is mirrored at wall: Sp(−y) = Sp(y)

I the solution can be rewritten as:

p(p)(x) = − 1
4π

∫ ∞
−∞

∫ ∞
0

∫ ∞
−∞

Sp(x′)
(

1
|x−x′|+

1
|x−x′′|

)
dx′

I “wall-echo” effect

⇒ pressure-strain has additional contribution
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Wall-echo pressure-strain modeling

Consequences for RSM modeling

I the additional wall-echo term decays as y−1
w

I some pressure-strain models incorporate explicit terms for
wall-echo effects, e.g. Gibson & Launder (1978):

R(s,w)
ij = 0.2 εk

L
yw

(〈ulum〉nlnmδij − 3
2〈uiul〉njnl − 3

2〈ujul〉nlni

)
 problem: wall-echo models lack universality

e.g. deteriorated performance in impinging flows
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Elliptic relaxation models

I Durbin (1993): problem is local expression for pressure-strain

I proposes elliptic partial differential equation:

fij − L2
D∇2fij = Rij/k , R(e)

ij = fij k

with: Rij usual redistribution model; LD a length scale

I homogeneous flow: ∇2fij = 0 → R(e)
ij = Rij

I otherwise: operator (I − L2
D∇2) mimics non-localness of

pressure-Poisson equation

⇒ takes into account boundary conditions on fij

 note: 6 additional PDEs added to the system
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Near-wall pressure correlations

Performance of elliptic relaxation models

(from Durbin & Petterson Reif, 2001)

redistribution terms:

Πij − εij + 2
3
ε̃δij

◦ DNS Mansour et al. (1988)
– – – – SSG model

—— SSG/elliptic relaxation

Near-wall region of plane channel flow:

I elliptic relaxation models with RSM can significantly improve
predictions of redistribution terms
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Summary

How can RANS models be applied to wall-bounded flows?

1. the wall-function approach
I allows to bridge near wall region with analytic expressions

 problems in non-parallel flows (separation)

2. modified two-equation models for the wall region

 most k-ε-based models lack generality

I k-ω and SST models yield better performance

3. modifications to Reynolds-stress models

 distance-function-based approach lacks generalit
(dissipation tensor, pressure wall-echo)

I elliptic relaxation promising for complex wall-bounded flows
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Outlook: Algebraic stress models

How can the linear eddy viscosity assumption be avoided
without the need for solving transport equations?

I algebraic stress models

I nonlinear eddy viscosity models
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Further reading

I S. Pope, Turbulent flows, 2000
→ chapter 11

I P.A. Durbin and B.A. Pettersson Reif,
Statistical theory and modeling for turbulent flows, 2003
→ chapter 7

I D.C. Wilcox, Turbulence modeling for CFD, 2006
→ chapter 4 and 6
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